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The explicit solution for a Kerr-Newman black hole immersed in an external magnetic field, sometimes
called the Melvin-Kerr-Newman black hole, has been derived by Ernst and Wild in 1976. In this paper,
we clarify the first law and Smarr formula for black holes in a magnetic field. We then define the unique
mass which is integrable and reduces to the Kerr-Newman mass in the absence of magnetic field. This
defines the thermodynamic potentials of the black hole. Quite strikingly, the mass coincides with the
standard Christodoulou-Ruffini mass of a black hole as a function of the entropy, angular momentum and
electric charge.
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I. INTRODUCTION AND SUMMARY

It is well known that, at the center of galaxies, strong
axial magnetic fields are generated by infalling matter in
the accretion disk of the black hole galactic nucleus, as is
measured in our Milky Way [1]. On the other hand, few
exact analytical models, which describe black holes inter-
acting with external magnetic fields, are known.
In the framework of general relativity coupled to the

Maxwell field, Ernst and Wild [2], thanks to the solution-
generating techniques developed in [3,4], were able to build
an exact and regular solution for a magnetized black hole,
which generalizes the Kerr-Newman one. The Ernst-Wild
metric is a stationary and axisymmetric solution to the
Einstein-Maxwell equations, describing a Kerr-Newman
black hole embedded in a backreacting external magnetic
field. In the weak magnetic field approximation, the gauge
field is exactly a linear combination of the two covariant
components of the Killing vectors of the Kerr-Newman
metric [5]. In the strong magnetic regime, the interaction
with the electromagnetic field affects the conserved charges
of the black hole, such as the angular momentum, the
electric charge and the mass. Moreover, the presence of
the electromagnetic field deforms the asymptotic region of
the solution: the metric approaches, for large radial dis-
tances, the Melvin magnetic universe [6]. It is then often
referred to as the Melvin-Kerr-Newman black hole.1 It has
been noted that unphysical pathologies occur at large
distances: for example, ergoregions form around the poles

[8]. The astrophysical role of this solution is, therefore,
unclear. The solution has, however, other applications. In
the extremal limit, it can serve as a useful additional toy
model for the so-called Kerr/CFT correspondence [9] since
the near-horizon geometry of the extremal Melvin-Kerr-
Newman black hole exactly matches with the one of the
extremal Kerr-Newman black hole [10,11] (see also [12]).
It, therefore, provides an alternative geometry which
extends the near-horizon region of the extremal Kerr-
Newman black hole [13] outside of the near-horizon
regime.
While several relevant features of this solution have been

disclosed since its publication, some aspects of the Ernst-
Wild solution, concerning the energy and thermodynamics,
still remain controversial due to the unconventional asymp-
totic region. In the last years, several attempts have been
made in that direction by using different theoretical
methods, but still there is no general agreement; see, for
instance, [10,14–19].
The scope of this paper is to address this open issue. We

will define the mass of these magnetized black holes thanks
to the methods developed in [20–22], which we will refer to
as the canonical integrability methods. These methods are
especially well adapted to the problem at hand since the
asymptotic region has no role to play. This method was
already applied previously to black holes with unusual
asymptotics [23–25]. The lack of known boundary con-
ditions for Melvin universes is, therefore, not an obstacle
for defining the mass. The procedure amounts to first define
the infinitesimal change of mass due to infinitesimal
changes of parameters by considering the integral of a
uniquely defined surface charge form on an arbitrary
sphere surrounding the black hole. One then write the
conditions for the existence of a finite mass known as the
integrability conditions. The definition of the mass amounts
to solving these integrability conditions. The rest of the
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thermodynamic analysis is standard and directly follows
from the definition of the mass.
Before starting our analysis, let us first summarize the

main results of the paper:
(1) We first clarify the form of the first law of black hole

mechanics in the presence of an external magnetic
field B in order to show that there is no δB term:

δM ¼ TδSþΩδJ þ ΦδQ: ð1Þ

Here, M is the canonical mass and all parameters
are varied, including the magnetic field. Our proof is
standard and only uses the methods of Bardeen-
Hawking-Carter [26] and Iyer-Wald [27]. We will
also show that the Smarr formula without B term
directly follows from the first law.

(2) We show that the integrability condition for the
mass leads to a single “master equation” for the mass
as a functional of the four black hole parameters
(m, a, q, B). This master equation turns out to be a
partial differential equation in the four black hole
parameters.

(3) We then show that the master equation admits a
unique solution, provided the boundary condition
that the mass is equal to the Kerr-Newman mass
in the absence of magnetic field. Our procedure,
therefore, provides us with the unique definition of
the canonical mass for the Melvin-Kerr-Newman
spacetimes. It turns out that the formula for the
mass exactly coincides with the one obtained in [19]
by means of the isolated-horizon approach (the
mass did not however appeared in the published
version [28]). Consistently with the first law (1), the
mass can be expressed as a function of the black
hole entropy S, angular momentum J and electric
charge Q without any explicit appearance of the
magnetic field B. Quite strikingly, the resulting
mass formula MðS;Q; JÞ exactly coincides with
the Christodoulou-Ruffini mass as defined for the
Kerr-Newman black hole in [29].
As a cross-check, one can compare the mass in the

extremal limit with the one obtained in [10] and [11]
by a totally different procedure. In [10,11], the
authors first matched the parameters of the identical
near-horizon geometries of the extremal Kerr-
Newman black hole and the extremal Melvin-
Kerr-Newman black hole. Second they inferred
the mass of the extremal Melvin-Kerr-Newman
black hole from the mass of the extremal Kerr-
Newman black hole. It turns out that the extremal
limit of the mass that we found exactly matches with
the results of [10] and [11].
It is quite remarkable that Melvin-Kerr-Newman

black holes share the same thermodynamic relations
as the Kerr-Newman black hole. It was known that

the near-horizon geometry of both Melvin-Kerr-
Newman and Kerr-Newman agree in the extremal
limit. Here, we find a relationship away from
extremality. Since this characteristic behavior occurs
also for other deformations of the Kerr-Newman
metric, for instance in the presence of acceleration
[30], we think it might be a general feature for
regular, axisymmetric and stationary electrovacuum
black holes.

(4) Knowing the canonical generator associated with the
mass, one can find the canonical frame such that the
mass is associated with time translations by a unique
change of coordinates and gauge at infinity. We
provide the explicit frame change from the coor-
dinates and gauge defined in [8] to the canonical
frame.

(5) Finally, for completeness, we also consider the
alternative situation where the magnetic field is
considered as an external source with no dynamics.
We show that one integrability constraint is lifted,
which allows for a one-function family of consistent
thermodynamics. The function left arbitrary by the
integrability method is precisely the alternative massfM. Since the canonical mass is no longer integrable
under variations of the magnetic field B, the first law
(1) reads instead

δM ¼ TδSþΩδJ þ ΦδQ: ð2Þ

One can then identify the left-hand side as δM ¼
δfMþ μδB in terms of the variation of the alter-
native mass and the variation of the magnetic field
source B times its conjugate chemical potential, the
magnetic dipole moment. One such example is the
thermodynamics studied in [8], where the mass was
fixed from other considerations.

In the following, we shall use the Melvin-Kerr-Newman
metric and gauge field as written in [8] except for three
minor adaptations that we explain in the Appendix. The
choice of coordinate frame and gauge in [8] will turn out to
be irrelevant for our purposes since all our derivation will
be frame and gauge independent as we will show. Some
well-established thermodynamical quantities at the horizon
of the Melvin-Kerr-Newman black hole are also recalled in
the Appendix. The rest of the paper is organized as follows.
In Sec. II, we prove the first law of black hole thermody-
namics in the presence of an external magnetic field. In
Sec. III, we implement the canonical integrability methods
and find the unique mass. In Sec. IV, we discuss the
properties of the mass and derive the remaining thermo-
dynamical potentials. We also define the canonical frame.
We finally discuss the alternative thermodynamics that
arises when the magnetic field is treated as a nondynam-
ical field.
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II. FIRST LAW WITH AN EXTERNAL
MAGNETIC FIELD

The main aim of this section is to prove that the first law
of black hole mechanics in the presence of external
magnetic field B contains no δB term contrary to some
earlier claims. This conclusion is a direct consequence of
the geometrical derivation of the first law. The original
proof of the first law was done for asymptotically flat
spacetimes by Bardeen-Carter-Hawking [26]. However,
one readily generalize it to any asymptotics using the
universal definition of infinitesimal charge associated with
canonical generators as done by Iyer-Wald in pure gravity
using covariant phase space methods [27] (this derivation
was extended with the Maxwell field included in [31,32]).
We want to emphasize that there are no subtleties related

to the presence of the external magnetic field. Indeed, the
metric is smooth and the gauge field is regular outside the
black hole. In particular, in the following derivation, we
have assumed that no magnetic monopole is present and we
have used a gauge potential regular at the poles. In the
presence of magnetic monopoles or dipoles where the
gauge field is singular, subtleties in the geometrical
derivation of the first law are present and lead to an
additional term [33].
Before starting the proof, we would like to mention the

notation and the nomenclature of the formalism used in the
following (see e.g. [34] for a review). In the context of
Einstein-Maxwell theory, the generalized Killing equations
for the fields gμν and Aμ are

Lξgμν ¼ 0; LξAμ þ ∂μλ ¼ 0; ð3Þ

where ξ ¼ ξμ∂μ is a Killing vector field and λ is a real
constant. We call symmetry parameter the pair ðξ; λÞ, which
is solution to the generalized Killing equations. It can be
shown that a surface charge kðξ;λÞ½δg; δA; g; A� is associated
with the symmetry parameter ðξ; λÞ and it is uniquely fixed
as a functional of the Lagrangian, up to an irrelevant total
derivative [20]. The surface charges kðξ;λÞ are spacetime
2-forms and 1-forms in the field space. The explicit formula
for the surface charge that we will use in this paper can be
found in (4.22) of [35] (where one sets the scalar field to
zero, χ ¼ 0, hIJ ¼ 0 and kIJ ¼ 1).
The total conserved charge Qðξ;λÞ associated to ðξ; λÞ is

defined by

Qðξ;λÞ½g; A; ḡ; Ā� ¼
Z
S

Z
g

ḡ

Z
A

Ā
kðξ;λÞ½δg0; δA0; g0; A0�; ð4Þ

where S is a spacetime two-surface. Such a definition is
meaningful provided that the surface charge does not
depend on the path in the field space. This requirement
is called the integrability condition and reads as

Z
S
δ1kðξ;λÞ½δ2g; δ2A; g0; A0� − ð1 ↔ 2Þ ¼ 0: ð5Þ

Since the surface charge is closed on-shell [20], the charge
(4) is conserved under any deformation of the surface. It is,
therefore, radius and time independent.
The first law of black hole mechanics is essentially a

consequence of the following conservation law:

Z
H
kðξ;0Þ ¼

Z
S
kðξ;0Þ; ð6Þ

where ξ ¼ ∂t þΩH∂ϕ is the Killing generator of the black
hole horizon and ΩH is the angular velocity of the horizon.
The equivalence is between the surface charge integrated
over the spacelike section of the black hole horizon H and
over the sphere at infinity S, even though any sphere
enclosing the horizon is equally valid for the argument.
At the horizon, the standard derivation [26,27] leads to

Z
H
kðξ;0Þ ¼ THδSþ ΦHδQ; ð7Þ

where the chemical potential TH, associated to the entropy
S, is the Hawking temperature. The Coulomb electrostatic
potential at the horizon is defined as ΦH ¼ −Aμξ

μjH and Q
is the electric charge.
In order to develop the right-hand side of (6), it is

necessary to identify which is the canonical symmetry
parameter associated with the energy. In general, it is not
ð∂t; 0Þ. In other words, one needs to consider the most
general symmetry generator ðαχ; αΦÞ, where χ¼∂tþΩ∂ϕ

is a Killing vector field and Φ is a gauge transformation
parameter. Here, α, Ω and Φ are spacetime constants but
phase space functions: they are allowed to depend upon the
black hole metric parameters. We will prove in Sec. III that
the mass exists and is uniquely defined as the conserved
charge associated with such a general symmetry generator
αintð∂t þ Ωint∂ϕ;ΦintÞ. The three unknown functions αint,
Ωint and Φint will be uniquely fixed by the integrability
conditions. In the rest of this section, we shall not need the
explicit values of these functions.
In order to prove the first law, we can use the linearity of

the definition of symmetry parameters and reorganize the
symmetry parameter as follows:

αð∂t þΩH∂ϕ; 0Þ ¼ αð∂t þΩint∂ϕ;ΦintÞ
þ αððΩH − ΩintÞ∂ϕ;−ΦintÞ: ð8Þ

Since the surface charge is linear in the symmetry param-
eter, Eq. (6) becomes

Z
H
kðαξ;0Þ ¼

Z
S
kαðχ;ΦintÞ þ

Z
S
kαððΩH−ΩintÞ∂ϕ;−ΦintÞ: ð9Þ
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Using the following definitions,

δM¼
Z
S
kαðχ;ΦintÞ; δJ¼

Z
S
kð−∂ϕ;0Þ; δQ¼

Z
S
kð0;−1Þ;

ð10Þ

Eq. (9) reads

αðTHδSþ ΦHδQÞ ¼ δM − αðΩH −ΩintÞδJ þ αΦintδQ;

ð11Þ

from which we obtain

δM ¼ αðTHδSþ ðΩH −ΩintÞδJ þ ðΦH − ΦintÞδQÞ ;

ð12Þ

which is the first law of black hole mechanics. Under a
change of frame, t→ ~t¼Δtt, ϕ→ ~ϕ¼ϕþΔΩt and a change
of gauge A→ ~A¼Aþdλ with λ¼−ðΔAtÞt (leading to the
total transformation At→ ~A~t¼Δ−1

t ðAt−ΔΩAϕ−ΔAtÞ) the
potentials appearing in the first law transform as

TH → THΔ−1
t ; α→ αΔt;

ΩH → ðΩH þΔΩÞΔ−1
t ; Ωint → ðΩintþΔΩÞΔ−1

t ;

ΦH → ðΦH þΔAtÞΔ−1
t ; Φint → ðΦintþΔAtÞΔ−1

t : ð13Þ

HereΔΩ,Δt andΔAt are constants. The last transformation
law follows from the fact that the surface charge
kð∂t;0Þ transforms under the large gauge transformation
A → Aþ dλ generated by λ ¼ ΔAtt as

H
S kð∂t;0Þ →H

S kð∂t;0Þ − ðΔAtÞ
H
S kð0;−1Þ, as described in [25].

Therefore, one needs a compensating shift of Φint to
preserve the symmetry generator which defines the mass.
Therefore, it is natural to define the frame independent

thermodynamical potentials:

T ¼ αTH; ð14Þ

Ω ¼ αðΩH −ΩintÞ; ð15Þ

Φ ¼ αðΦH − ΦintÞ: ð16Þ

Then, the first law (12) takes the standard textbook form:

δM ¼ TδSþΩδJ þ ΦδQ: ð17Þ

We then recognize the thermodynamical quantities T, Ω
and Φ as the chemical potentials associated to S, J and Q,
respectively. This expression contradicts the one presented
in [18], where there is an additional δB term.
Another relation among the black hole conserved

charges is the Smarr formula. Let us review that the

Smarr formula follows from the first law and Euler’s
theorem for homogeneous functions (see e.g. the excellent
lecture notes [36]).2 The main observation is that the mass
is a function of S, J, Q2, i.e., M ¼ MðS; J;Q2Þ, and its
variables have the same dimension, i.e., ½S� ¼ ½J� ¼ ½Q2� ¼
½mass2� (in geometrized units G ¼ c ¼ 1). Therefore, the
mass M must be homogeneous of degree n ¼ 1

2
and it

fulfils the relation

1

2
M ¼ ∂M

∂S Sþ ∂M
∂J J þ ∂M

∂Q2
Q2: ð18Þ

After using ∂M
∂Q2 Q2 ¼ 1

2
∂M
∂Q Q and the first law, we get the

Smarr relation:

M ¼ 2TSþ 2ΩJ þ ΦQ: ð19Þ

III. DEFINITION OF THE MASS
FROM INTEGRABILITY

Let us first obtain the angular momentum J and electric
charge Q. By definition, the angular momentum and
electric charge are the conserved charges associated with
the symmetry parameters ð−∂ϕ; 0Þ and ð0;−1Þ, respec-
tively. Using the Barnich-Brandt method [20], we directly
note that the infinitesimal charges δQ and δJ obey the
integrability conditions (5). Using the definition (4), we
obtain

J ≡Qð−∂ϕ;0Þ

¼ j − q3B −
3

2
jq2B2 −

1

4
qð8j2 þ q4ÞB3

−
1

16
jð16j2 þ 3q4ÞB4; ð20Þ

Q≡Qð0;−1Þ ¼ qþ 2jB −
1

4
q3B2; ð21Þ

where we defined j ¼ am for convenience. Both the
angular momentum and the total electric charge match
with the results of the literature; see e.g. [10,18,19].

A. Integrability condition

Let us now compute the infinitesimal change of energy
caused by a change of all parameters of the solution
ðδm; δj; δq; δBÞ. Since it is not clear which canonical
generator is associated with the conserved energy, let us
first obtain the infinitesimal conserved charge δQð∂t;0Þ ¼H
S kð∂t;0Þ associated with the symmetry parameter ð∂t; 0Þ.

2Euler’s theorem states that any homogeneous function of
degree n of N variables, i.e., such that fðtxÞ ¼ tnx, satisfies the
relation

P
N
i¼1 x

i ∂f
∂xi ¼ nfðxÞ.
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Here S is a sphere of integration around the black hole,
e.g. t, r constant. Using the definition of the surface charge
and after a lengthly algebra, we obtain

δQð∂t;0Þ ¼ cmδmþ cjδjþ cqδqþ cBδB; ð22Þ

where

cm ¼ 1þ 3

2
q2B2 þ 2jqB3 þ

�
j2 þ q4

16

�
B4; ð23Þ

cj ¼ −5mqB3 −
1

8

j
m
ð28m2 þ q2ÞB4; ð24Þ

cq ¼ −3mqB2 −
1

4

j
m
ð8m2 þ 5q2ÞB3; ð25Þ

cB ¼ j
m
qþ 3

2
mq2B − 3jq

�
2mþ q2

4m2

�
B2

−
1

2

�
5

4
mq4 þ j2

m
ð8m2 þ q2Þ

�
B4: ð26Þ

We have used the symbol δ to emphasize that the
expression (22) is not integrable in the parameter space.
Indeed, it is easy to check that δ1ðδ2Qð∂t;0ÞÞ − ð1 ↔ 2Þ ≠ 0.
Therefore, ∂t is not associated with the energy.
Note that the coefficient cm exactly matches with the

factor Ξ (A1) introduced as a modification of the perio-
dicity of the ϕ angle after the generation of the magnetic
field parameter B using the Ernst-Wild generating tech-
nique in order to avoid conical defects in [8,10].
The goal of this section is now to define the mass from

integration over the phase space of an integrable infini-
tesimal canonical charge δM and prove that the procedure
is unique and, therefore, that the mass M is uniquely
defined. The black hole admits exactly three generalized
Killing vectors and the symmetry associated with the mass
can be any combination thereof. We can parametrize it
as αðχ; λÞ ¼ ðαð∂t þΩint∂ϕÞ; αΦintÞ.
We have to determine the four following functions

defined over the parameter space: the mass M ¼
Mðm; j; q; BÞ and the three constants which fix the canoni-
cal generator: α ¼ αðm; j; q; BÞ, Ωint¼Ωintðm;j;q;BÞ and

Φint ¼ Φintðm; j; q; BÞ. These four functions obey the fol-
lowing equality by definition:

δM ¼ αðδQð∂t;0Þ − ΩintδJ − ΦintδQÞ: ð27Þ

Quite remarkably, these defining equations are four equa-
tions since there are four parameters to be varied:m, j, q, B.
They read in detail as

∂mM ¼ αΞ; ð28Þ

∂qM ¼ αðcq − ∂qQΦint − ∂qJΩintÞ; ð29Þ

∂BM ¼ αðcB − ∂BQΦint − ∂BJΩintÞ; ð30Þ

∂jM ¼ αðcj − ∂jQΦint − ∂jJΩintÞ: ð31Þ

From the first equation, we algebraically solve for α and
obtain

α ¼ 1

Ξ
∂mM: ð32Þ

By algebraically solving the second and third equation for
Φint and Ωint, we get

Ωint ¼
1

αð∂qJ∂BQ − ∂BJ∂qQÞ ½αðcq∂BQ − cB∂qQÞ

þ ∂qQ∂BM − ∂BQ∂qM�; ð33Þ

Φint ¼
1

αð∂qJ∂BQ − ∂BJ∂qQÞ ½αðcB∂qJ − cq∂BJÞ

þ ∂BJ∂qM − ∂qJ∂BM�: ð34Þ

One can check that the denominator ∂qJ∂BQ − ∂BJ∂qQ
only vanishes when the charge parameter q ¼ 0 or q ¼ 3jB.
However bothΩint and Φint shall be well defined, except for
the trivial case m ¼ 0, upon substituting α and the massM
into their expressions.
Finally, by substituting α, Ωint and Φint in the last

equation, we obtain a first-order linear homogeneous
partial differential equation for M:

½2qð2jþ 3qm2BÞ∂m þ 2mð4jþ 3q3BÞ∂q − 4mq2ðq − 3jBÞ∂j −mð4þ 9q2B2Þ∂B�M ¼ 0: ð35Þ

B. Solution to the integrability condition

We reduced the integrability requirement for defining the
mass to a single partial differential equation for the mass
(35). Let us now solve it. First note that B ¼ 0 is a regular
point of the differential operator. Therefore, one has an
analytic solution around B ¼ 0,

Mðm; j; q; BÞ ¼
X
n≥0

fnðm; j; qÞBn: ð36Þ

The differential equation requires a boundary condition at
B ¼ 0. We now impose the physical requirement that the
mass should coincide with the Kerr-Newman mass m in
the absence of a magnetic field, B ¼ 0. Thus, we set
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f0ðm; j; qÞ ¼ m. It can be shown that the ansatz (36) leads
to an infinite series in the B expansion which we can solve
exactly to each order in B.
It turns out to be simpler to consider the expansion of the

mass squared:

M2ðm; j; q; BÞ ¼ m2 þ
X
n≥1

gnðm; j; qÞBn: ð37Þ

The functions gnðm; j; qÞ must satisfy the following
differential equation:

mð4þ 9q2B2Þ
X
n≥1

ngnðm; j; qÞBn−1 −
X
n≥1

D½gnðm; j; qÞ�Bn

− 4mqð2jþ 3qm2BÞ ¼ 0; ð38Þ

where we defined the operator D ¼ 2qð2jþ 3qm2BÞ∂mþ
2mð4jþ 3q3BÞ∂q − 4mq2ðq − 3jBÞ∂j.
By collecting the terms order by order in the above

equation, we get

g1 ¼ 2jq; ð39Þ

g2 ¼
1

2m
ð3m3q2 þ F ½g1�Þ ¼ 2j2 þ 3

2
m2q2 − q4; ð40Þ

gn ¼
1

4nm
½3mq2ð−3ðn − 2Þgn−2 þ 2G½gn−2�Þ þ 4F ½gn−1��;

ð41Þ

where the differential operators F and G are defined as

F ¼ qj∂m −mq3∂j þ 2mj∂q; ð42Þ

G ¼ m∂m þ 2j∂j þ q∂q: ð43Þ

We would like to stress that the coefficients are uniquely
determined, so that the mass M is unique. We can solve
explicitly for the coefficients gn. We observe that
gn ¼ 0∀n ≥ 5. Thus, the solution (37) has the remarkable
advantage of admitting a finite B expansion:

M2ðm; j; q; BÞ ¼ m2 þ 2jqBþ
�
2j2 þ 3

2
m2q2 − q4

�
B2 þ jq

�
2m2 −

3

2
q2
�
B3 þ

�
j2m2 −

1

2
j2q2 þ 1

16
m2q4

�
B4:

ð44Þ

This is, therefore, the unique mass of the Kerr-Newman
black hole immersed in a backreacting external magnetic
field. This answer agrees with the mass computed in [19]
by using the isolated-horizon approach. It disagrees with
the other proposals in the literature.

IV. THERMODYNAMICS

In this section, we first give some properties of the mass.
We then turn to the definition of the remaining thermody-
namical potentials and the definition of the canonical frame
of the Melvin-Kerr-Newman black hole.

A. Properties of the mass

Extremality is reached for the Melvin-Kerr-Newman
black hole when the mass parameter is given by
m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ q2

p
. If the extremality condition is fulfilled,

Eq. (44) is a perfect square and the extremal mass is
given by

Mextða; q; BÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ q2

q
þ aqB

þ 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ q2

q
ð4a2 þ q2ÞB2: ð45Þ

The same result was obtained in [10] and [11] by the
following independent approach. It is known that the

near-horizon geometries of the extremal Kerr-Newman
and the extremal magnetized Kerr-Newman black holes
can be mapped to each other by a proper rescaling of the
black hole parameters [10–12]. Such a map correctly
reproduces the angular momentum and the total electric
charge of the magnetized Kerr-Newman black hole. Thus,
even though the mass of the magnetized Kerr-Newman
black hole was still unknown, the rescaling map was used
to infer the mass of the extremal magnetized Kerr-Newman
black hole from the mass of the extremal Kerr-Newman
black hole.
We conclude this section with an interesting observation

about the mass (44). It is nothing but the Christodoulou-
Ruffini mass originally derived for the Kerr-Newman black
hole [29] given by

M2ðS; J;QÞ ¼ S
4π

þQ2

2
þ πðQ4 þ 4J2Þ

4S
: ð46Þ

When expressed in terms of extensive quantities, it clearly
does not depend explicitly on the external magnetic field B.
This result is in agreement with the general proof of the first
law presented in Sec. II, where no additional δB term is
present. By retrospect, the first law (1) and the existence of
a perturbative series in B of all physical quantities implies
the mass formula (46) since this formula holds in the
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absence of the magnetic field and the magnetic field cannot
appear explicitly when it is turned on.
By solving for the entropy S in Eq. (46) and by imposing

it to be real, we obtain that

0 ≤ M4 −Q2M2 − J2 ¼ m2ðm2 − a2 − q2ÞΞ2; ð47Þ

from which we get the following lower bound of the mass
M in terms of Q and J:

M2 ≥
Q2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q4 þ 4J2

p
2

: ð48Þ

This condition is equivalent to the absence of naked
singularities, which in terms of black hole metric param-
eters reads as m2 ≥ a2 þ q2. The bound is saturated at
extremality. After transforming the inequality (48) into an
equality, the identity (46) becomes

Sext ¼ π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q4

ext þ 4J2ext

q
ð49Þ

in terms of physical charges at extremality.
Let us study more closely black holes without net electric

charge Q ¼ 0. For vanishing external magnetic field
B ¼ 0, the uncharged black hole condition trivially implies
that the charge parameter q ¼ 0 and thus we recover the
standard Kerr black hole described by M ¼ m and J ¼ j.
In the presence of nonvanishing magnetic field B ≠ 0, the
constraint Q ¼ 0 can be most easily solved from Eq. (21)
by expressing a ¼ j=m in terms of the other three param-
eters m, q, B as

a ¼ −
q

2Bm

�
1 −

B2q2

4

�
: ð50Þ

In this case, the bound (48) becomesM2 ≥ jJj. The bound
is obeyed for either (i) q ¼ 0 which implies a ¼ 0 and in
turn M ¼ m, J ¼ 0, (ii) qB ¼ �2 which implies a ¼ 0

and in turn M2 ¼ 4ð2m2 − q2Þ, J ¼ ∓4q2 or (iii) m ≥ jqj
and either Bþ ≤ B ≤ −B− or B− ≤ B ≤ −Bþ with

B� ¼ −
4m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − q2

p
jqj3 �

�
4m2

jqj3 −
2

jqj
�
: ð51Þ

Notice that B− þ Bþ ¼ −8m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − q2

p
=jqj3 ≤ 0. The case

(i) describes the Melvin-Schwarzschild black hole, while
cases (ii) and (iii) describe the Melvin-Kerr black hole.
Extremality amounts to imposingm ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ q2

p
. There

is no extremal limit in case (i), because otherwise we get
m ¼ 0. The second case (ii) admits an extremal limit, but
there is no smooth solution in the limit B → 0. In case (iii),
one solves the equation m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ q2

p
for B and ones

finds two distinct extremal branches B ¼ −signðaqÞB�.
One finds

Sext ¼ 2πjJextj ¼ 2πM2
ext;

jJextj ¼
1

2
Ξextð2m2 − q2Þ: ð52Þ

where Ξext is computed from Eq. (A1). The only free
parameters are m and q. The branch B ¼ −signðaqÞBþ
admits a smooth limit to B ¼ 0 when q → 0. One then
recovers the extremal Kerr black hole with Mext ¼ m,
jJ extj ¼ m2.

B. Thermodynamic potentials

With the unique mass at hand, we obtain the expression
of α from equation (32). It is given by

α ¼ m
M

: ð53Þ

We can then deriveΩint and Φint from equations (33) and
(34). Their expressions are well defined except for the
trivial case m ¼ 0. When the external magnetic field is
turned off, we can check that we get α ¼ 1,Ωint ¼ 0 ¼ Φint
as expected in an asymptotically flat spacetime.
Using the results of Appendix and the results above, the

thermodynamical quantities defined in Sec. II are then
explicitly given by

T ¼ αTH ¼ Ξ
m
M

2

AH
ðrþ −mÞ; ð54Þ

Ω ¼ αðΩH −ΩintÞ ¼
1

Ξ
J
M

1

r2þ þ a2
; ð55Þ

Φ ¼ αðΦH − ΦintÞ

¼ 1

Ξ
m
M

Q

�
rþ

r2þ þ a2

�
Q
q

�
2

þ m
q2

�
Ξ −

M2

m2

��
: ð56Þ

The quantities rþ, TH, ΩH, ΦH, AH are defined in the
Appendix. For B ¼ 0, we recover the well-known expres-
sions of the Kerr-Newman black hole. We can also check
that the thermodynamic potentials coincide with the ones
derived from the fundamental relation (46):

T ¼ ∂M
∂S ¼ 1

8πM

�
1 −

4π2

S2

�
J2 þQ4

4

��
; ð57Þ

Ω ¼ ∂M
∂J ¼ πJ

MS
; ð58Þ

Φ ¼ ∂M
∂Q ¼ Q

2MS
ðSþ πQ2Þ: ð59Þ

By construction, the first law (17) and the Smarr relation
(19) are verified.
The external magnetic field parameter B only appears

implicitly in the thermodynamic quantities T, Ω and Φ.
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That means that the study of the thermodynamic stability
against thermal or electric fluctuations is unchanged with
respect to the Kerr-Newman black hole [37]. For example,
the expressions for the heat capacity and electric permit-
tivity are identical as in the Kerr-Newman case in terms of
explicit thermodynamic variables.

C. The canonical frame

In this last paragraph, we show how to go to the
canonical frame, namely the only frame in which the mass
M is associated with the canonical symmetry generator
ð∂tcan ; 0Þ.
We have computed the mass associated with the sym-

metry parameters αð∂t þ Ωint∂ϕ;ΦintÞ. We want to find a
change of coordinates and a gauge transformation such that

αð∂t þΩint∂ϕ;ΦintÞ → ð∂tcan ; 0Þ: ð60Þ

According to (13), the change of coordinates is given by

t → tcan ¼
t
α
; ð61Þ

ϕ → ϕcan ¼ ϕ − Ωintt; ð62Þ

while the large gauge transformation of the potential Acan
μ ¼

Aμ þ ∂μλ is given by λ ¼ αΦint. The total transformation of
At is, therefore,

At → Acan
t ¼ αðAt þ ΩintAϕ þ ΦintÞ: ð63Þ

D. Alternative thermodynamics: Magnetic field
as a source

If one allows for all physical quantities (M, Q, J, B) to
be varied, the definition of mass is unique as we have
shown. It matches with the mass computed using the
isolated horizon formalism [19] and at extremality using
the match with the near-horizon of the Kerr-Newman black
hole [10,11]. This existence and uniqueness result suggests
that the solution space of Melvin-Kerr-Newman metrics
with arbitrary freely varying parameters constitutes a phase
space with well-defined boundary conditions.
Now, alternative boundary conditions can lead to alter-

native definitions of the gravitational mass, as illustrated
e.g. in the case of gravity coupled to scalar fields [38] with
bare mass in the Breitenlohner-Freedman range which
allows for various boundary conditions [39] (see also
related cases in supergravity [40–43]). In particular, other
boundary conditions could be formulated if one instead
considers the magnetic field B as a fixed source. In this
case, no integrability condition needs to be imposed for
variations of the magnetic field, and the constraint (30)
should not be imposed. This leads to additional possibilities
for defining the mass.

More precisely, one defines new quantities ~α, ~Ωint and
~Φint. The canonical infinitesimal charge δM associated
with the generator ~αð∂t þ ~Ωint∂ϕ; ~ΦintÞ is not integrable for
arbitrary variations of the magnetic field B but it can be
written as

δM ¼ δfMþ μδB: ð64Þ
The left-hand side of (64) is exactly the canonical charge

which can be deduced from (20)–(22). Once fM ¼fMðm; a; q; BÞ is fixed as a function of the parameters, μ
is uniquely defined from (64). There are four unknown

functions ~α, ~Ωint, ~Φint, fM and three integrability conditions
(28), (29), and (31). There is, therefore, one free function,
the mass, which should be fixed by independent consid-
erations such as a boundary condition. A physical require-
ment is that the mass reduces to the Kerr mass in the

absence of magnetic field, fM ¼ mþOðBÞ. Otherwise, the
mass is arbitrary with this method. Once the remaining
function is fixed, one can compute μ from (64) which can
be interpreted as a conjugate chemical potential for the
magnetic field, i.e. an induced magnetic dipole moment.
Indeed, after using (64), the first law (17) reads as

δfMþ μδB ¼ ~TδSþ ~ΩδJ þ ~ΦδQ; ð65Þ
where the tilded chemical potentials are defined as

~T ¼ ~αTH; ð66Þ

~Ω ¼ ~αðΩH − ~ΩintÞ; ð67Þ

~Φ ¼ ~αðΦH − ~ΦintÞ: ð68Þ

Since B has mass dimension ½mass�−1, the Smarr relation
reads as

fM ¼ 2 ~THSþ 2 ~ΩJ þ ~ΦQþ μB: ð69Þ
As an intermediate summary, one can arbitrarily define the
mass with the integrability procedure, up to the constraint
of matching with m in the absence of magnetic field, and
still get a consistent thermodynamics with first law and
Smarr formula.
One such definition of mass was recently given in [18]

after using a Kaluza-Klein reduction to three dimensions.
Its expression is given by

MGPP ¼ Ξm; ð70Þ

where the factor Ξ defined in (A1) naturally appears in the
regulation of the metric in order to avoid conical defects.

Identifying fM ¼ MGPP one can solve the three integra-
bility conditions (28), (29), and (31) with
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~α ¼ 1 ð71Þ

~Ωint ¼
B3½160qm2 þ jð80m2 þ 76q2ÞBþ 8qð4j2 þ 31m2q2ÞB2 þ 3jq2ð44m2 þ q2ÞB3�

8Ξmð4þ 9q2B2Þ ð72Þ

~Φint ¼
1

16Ξmð4þ 9q2B2Þ ½−384qm
2B2 − 16jð16m2 þ 5q2ÞB3 − 16qð2j2 þ 53m2q2ÞB4

þ 96jq2ðq2 − 5m2ÞB5 þ 8ð−46m2q5 þ qj2ð28m2 þ 43q2ÞÞB6

þ jð−408m2q4 þ 5q6 þ 32j2ð2m2 þ 11q2ÞÞB7 þ 3qð32j4 − 8j2m2q2 þ 5m2q6ÞB8�: ð73Þ

This leads from (64) to the magnetic dipole moment:

μ ¼ Ξ
2q
m

2j − 3Bqm2

4þ 9B2q2
: ð74Þ

In the weak magnetic field approximation both ~Ωint

and ~Φint vanish, whereas μ approaches jq
m ≃ JQ

M, which
is the well-known magnetic dipole moment of a
charged stationary axisymmetric vacuum black hole
spacetime [5].
In summary, the mass proposed in [18] leads to a

consistent thermodynamics in the case where the magnetic
field is considered as an external source. The definition
MGPP however does not match with the extremal mass (45)
computed from the near-horizon matching [10,11]. We
found that in all generality, integrability methods are
ambiguous up to one arbitrary function which can be
precisely identified with the mass. There is, therefore, a
one-function family of consistent thermodynamics when
the magnetic field is considered as an external source. We
leave open the problem whether or not a mass exists in this
framework which matches with the Kerr mass in the
absence of magnetic field and which also matches at
extremality with the near-horizon extremal mass [10,11].
The relationship between the mass formula and consistent
boundary conditions for Melvin-Kerr-Newman spacetimes
is also left open.
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APPENDIX: BLACK HOLE FIELDS
AND PHYSICAL QUANTITIES

In this appendix, we first describe the exact metric and
gauge field which we use through the paper. We will also
recall the thermodynamical quantities defined at the hori-
zon of the magnetized Kerr-Newman black hole in the
reference frame used in [8].
The black hole depends upon four parameters: the mass

parameter m, the electric charge parameter q, the angular
momentum parameter a and the magnetic field B. The
metric and gauge field were clearly written in a specific
coordinate system and gauge in Appendix B of [8]; see
their definition (B.4). Since these fields would be very long
to rewrite, we will simply refer the reader to that reference.
We will use this explicit form of the solution up to three
modifications which we now explain.
We first set the magnetic monopole charge parameter p

of [8] to zero in order to cancel the magnetic monopole
charge. Second, we use a ϕ angle which is 2π periodic. It is
related to the ϕGMP angle defined in [8] by ϕGMP ¼ Ξϕ
where the constant Ξ was firstly computed in [7] in order to
ensure that the metric does not admit conical defects. It
reads, explicitly,

Ξ ¼ 1þ 3

2
q2B2 þ 2jqB3 þ

�
j2 þ q4

16

�
B4: ðA1Þ

Finally, we added the constant Að0Þ
ϕ to the gauge potential

component Aϕ in order to ensure regularity of the gauge
potential along the axis of rotation. Namely, Aϕ ¼ 0 at the
North and South Poles. This leads us to set

Að0Þ
ϕ ¼ −

�
3

2
q2Bþ 3jqB2 þ 1

8
ðq4 þ 16j2ÞB3

�
: ðA2Þ

Let us now review the thermodynamical quantities
defined at the horizon of the magnetized Kerr-Newman
black hole. The outer and inner horizons are located at
r� ¼ m�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − a2 − q2

p
. These radial coordinate values

are not affected by the presence of the external magnetic
field B. In the given coordinate system (t, r, θ, ϕ) and
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gauge, the angular velocity evaluated at the event horizon
rþ is given by

ΩH ¼ −
gtϕ
gϕϕ

����
r¼rþ

¼ ωðGMPÞ
H

Ξ
; ðA3Þ

where ωðGMPÞ
H is the function defined in (B.8) of [8]

evaluated at r ¼ rþ. The Killing generator of the black
hole horizon is ξ ¼ ∂t þΩH∂ϕ. The Coulomb electrostatic
potential is

ΦH ¼ −Aμξ
μjr¼rþ ¼ −ΩHA

ð0Þ
ϕ − ΦðGMPÞ

0 ; ðA4Þ

where ΦðGMPÞ
0 is the function defined in (B.17) of [8]

evaluated at r ¼ rþ. The surface gravity is given by

κ ¼ rþ − r−
2ðr2þ þ a2Þ ; ðA5Þ

and the Hawking temperature is given by TH ¼ κ
2π. Note

that both the surface gravity κ and the Hawking temperature
TH do not depend on the parameter B but only on m, a, q.
The black hole area is given by

AH ¼ 4πΞðr2þ þ a2Þ; ðA6Þ

and the entropy is S ¼ AH=4 in units where Newton’s
constant is G ¼ 1.
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